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Within the context of the Fermi-bounce curvaton mechanism, we analyze the one-loop radiative
corrections to the four fermion interaction, generated by the non-dynamical torsion field in the
Einstein-Cartan-Holst-Sciama-Kibble theory. We show that contributions that arise from the one-
loop radiative corrections modify the energy-momentum tensor, mimicking an effective Ekpyrotic
fluid contribution. For these reasons, we call this effect quantum Ekpyrotic mechanism. This leads
to the dynamical washing out of anisotropic contributions to the energy-momentum tensor, without
introducing any new extra Ekpyrotic fluid. We discuss the stability of the bouncing mechanism and
derive the renormalization group flow of the dimensional coupling constant ξ, checking that any
change of its sign takes place towards the bounce. This enforces the theoretical motivations in favor
of the torsion curvaton bounce cosmology as an alternative candidate to the inflation paradigm.
I. INTRODUCTION
The cosmological bounce scenario, as originated by stan-
dard model matter fields, is a viable alternative to in-
flation not yet experimentally ruled out. The idea of
the bounce is that the cosmological dynamics emerges
from a pre-Big Bang universe, which solves the cos-
mological singularity. Almost scale-invariant perturba-
tions are generated during the contracting cosmological
phase, thus satisfying CMB observations [1]. A possi-
ble origin of the bounce can be recovered within the
context of the Einstein-Cartan-Holst-Sciama-Kibble the-
ory (ECHSK) [2–5]. In the first order formalism, one
must allow for a torsionful part of the spin-connection,
since gravity is coupled to fermion fields. In this frame-
work, the torsion field does entail propagating degrees
of freedom, and can be integrated-out as an auxiliary
field. By virtue of the torsion-fermion coupling, new
effective four-fermion interactions arise. A sort of ef-
fective Nambu–Jona-Lasinio (NJL) model can emerge,
but from a very different dynamical origin than the one
addressed in the QCD case. Depending on the sign of
the fermion-torsion coupling, this can provide a new at-
tractive or repulsive contribution to the energy condi-
tions. In the repulsive phase, with a certain choice of
the torsion-fermion coupling, such a term can contribute
to the energy-momentum tensor, triggering a bounce at
a related critical energy density scale. Possible bounce
cosmology scenarios were investigated in Refs. [6–9].
A typical issue for bounce scenarios in cosmology is the
generation of large O(1) anisotropic terms in the energy-
momentum tensor, which is incompatible with the cos-
mological isotropy of the CMB. A way out to this prob-
lem requires the introduction of a new exotic fluid, the
Ekpyrotic fluid, provided with an energy-density steeply
scaling with the Universe scale factor, i.e. ρEk = ρ0a
−n
with n > 6. The Ekpyrotic fluid does dominate during
the Bounce critical scale, suppressing anisotropic contri-
butions to the background dynamics. However, both the
classical Bounce and the Ekpyrotic mechanism are based
on a classical analysis. During the Bounce stage, quan-
tum corrections are expected to be large and potentially
they may completely change and wash-out the Bounce
dynamics, as well as the Ekpyrotic classical solution to
the anisotropies’ problem.
This highly motivates the analysis of quantum cor-
rections to the Ekpyrotic mechanism in some specific
Bounce cosmology models. In this paper, we will analyze
the one-loop quantum corrections to the four-fermion
term generated by torsion, in a Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) background. We will show
that quantum corrections will induce extra corrections
to the classical bare energy-momentum, previously un-
considered. We find that these new radiative terms have
theoretically two healthy consequences: i) they favor the
classical Bounce, generating contributions that violate
the Null Energy Condition (NEC); ii) they generate new
terms mimicking the effect of the Ekpyrotic fluid. This
result can likely mean that the four-fermion curvaton
mechanism can induce the Bounce without introducing
any new exotic matter field. This hypothesis seems to
be theoretically appealing, since it avoids adding to the
theoretical framework any particle that cannot be accom-
modated in the Standard Model of particle physics, or in
any Grand Unified extensions of it.
II. THE THEORY
We follow the theoretical framework and the conventions
introduced in Refs. [2–18]. This amounts to consider a
generalization of the Einstein-Hilbert action with a topo-
logical term, the Holst action for gravity in the Pala-
tini formalism, which allows to couple gravity to chiral
fermions. The theory can be coupled to a Dirac field ψ,
and to the related field ψ = (ψ∗)T γ0. The Dirac action
involves the Dirac matrices, γI with I = 0, . . . , 3 and
γ5. The action for pure gravity can be cast in terms of
the gravitational field gµν = e
I
µe
J
ν ηIJ , where e
I
µ is the
tetrad/frame field (with inverse eµI and determinant e),
and the Lorentz connection ωIJµ . The curvature of ω
IJ
µ ,
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2Figure 1: a) One-loop correction to the four fermions self-
interaction term; b) one loop correction to the six-points self-
interaction term; c) one loop correction to the eight-points
self-interaction term; c) one loop correction to the 2n-points
self-interaction term
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Figure 2: The p+ρ is displayed in Planckian units, as a func-
tion of the scale factor a and for the choice of the parameters
µ = ξ = κ = 1 and q5 = 2. At the bounce, the NEC p+ρ ≥ 0
is violated.
namely
F IJµν = 2∂[µω
IJ
ν] + [ωµ, ων ]
IJ
,
is the triadic projection of the Riemann tensor.
The total action involves the Einstein-Cartan-Holst
(ECH) action plus the non-minimal covariant Dirac ac-
tion. Notice that, in absence of the gravitational Holst
topological term, the whole theory provided with torsion
and minimally-coupled fermions is referred to in the liter-
ature as the Einstein-Cartan-Sciama-Kibble theory (see
e.g. Refs. [2–4]). In the Palatini first order formalism,
the ECH action casts (see e.g. [9]),
SHolst =
1
2κ
∫
M
d4x |e| eµI eνJP IJKLF KLµν (ω) (1)
In Eq. (1), κ = 8piGN is the square of the reduced
Planck length, IJKL denotes the Levi-Civita symbol,
while the tensor in the internal indices P IJKL = δ
[I
Kδ
J]
L −
IJKL/(2γ) involves the Barbero–Immirzi parameter γ
and is invertible for γ2 6= −1. The Dirac action for mass-
less fermions reads SDirac =
1
2
∫
d4x|e|LDirac, with
LDirac = ı
2
ψ
(
1− ı
α
γ5
)
γIeµI∇µψ + h.c. . (2)
In Eq. (2) α denotes a real parameter called non-minimal
coupling. For α=γ we may recover the Einstein-Cartan
action, namely SECH=SGR +SDirac. An additional term
is also present, which reduces to the Nieh-Yan invariant
(see e.g. Ref. [17]) when the second Cartan structure
equation is satisfied. Within the framework of the Holst
action in Eq. (1), the minimal coupling can be recov-
ered in the limit α → ±∞. Phenomenologically allowed
values of the parameters α and γ are recovered from the
four fermion axial-current Lagrangian (7), from measure-
ments of lepton-quark contact interactions [11, 19].
The presence of fermions induces a torsional part of
the connection to enter the non-minimal ECH action.
Torsion is non-dynamical in this theory, and can be inte-
grated out once the second Cartan structure equation is
solved. This requires to introduce the contortion tensor
CIJµ , which is defined by (∇µ − ∇˜µ)VI = C Jµ I VJ , with
∇˜µ denoting the covariant derivative compatible with the
tetrad eIµ and VJ a vector in the internal space. The Car-
tan equation expresses the contortion tensor CIJµ in terms
of the fermions’ currents and the tetrad, namely
eµI CµJK =
κ
4
γ
γ2 + 1
(
β IJKL J
L − 2θ ηI[J JK]
)
,
JL = ψγLγ5ψ . (3)
The coefficients appearing in Eq. (3) are related to the
free parameters of the non-minimal ECH theory, β =
γ + 1/α and θ = 1 − γ/α. Deploying the solution in
(3), the non-minimal ECH action recasts in terms only
of the metric compatible variables, further including a
novel interaction term that captures the new physics:
SECH = SGR + SDirac + SInt . (4)
In Eq. (4), the Einstein-Hilbert action involves the
mixed-indices Riemann tensor RIJµν = F
IJ
µν [ω˜(e)], namely
SGR =
1
2κ
∫
M
d4x|e|eµI eνJRIJµν , (5)
the Dirac action SDirac on curved space-time recasts in
terms of the metric compatible variables
SDirac =
ı
2
∫
M
d4x|e| ψγIeµI ∇˜µψ + h.c. , (6)
while the interacting term reads
SInt =−ξκ
∫
M
d4x|e| JL JM ηLM , (7)
with the coefficient ξ being now a function of the funda-
mental parameters of the theory, namely
ξ :=
3
16
γ2
γ2 + 1
(
1 +
2
αγ
− 1
α2
)
. (8)
3In few words, net effect of having coupled fermions to
gravity in the first order formalism is to have recovered, in
the metric-compatible formalism, an extra four fermion
term. That means that the structure of General Relativ-
ity remains untouched, but that the matter part of the
Einstein equations acquires at tree-level a self-interaction
term, the coupling constant of which, ξ, can be either
positive or negative.
For the sake of completeness, we show in this section
the energy-momentum tensor components, i.e.
T ferµν =
1
4
ψγIe
I
(µı∇˜ν)ψ + h.c.− gµνLfer . (9)
III. ONE-LOOP CORRECTIONS
Since non-dynamical torsion provides an interaction
term, we may reconstruct at one-loop the quantum ef-
fective action of the matter part of the theory. For sim-
plicity, in order to calculate the these terms, we assume
the background to be FLRW, which in conformal coor-
dinates reads
ds2 = a2(−dη2 + dx · dx) , (10)
with a = a(η) scale factor and η conformal time.
The four-fermion vertex is
V4 = −ı ξκ γµγ5 ⊗ γµγ5 (11)
The Feynman propagator in position space between
the points x and x˜ is denoted as ıSF (x, x˜), and reads
ıSF (x, x˜) = (aa˜)
−D−12 Γ(D/2− 1)
4piD/2
ıγa∂a
1
∆xD−2++ (x, x˜)
,
(12)
having denoted a˜ = a(η˜), and
∆xD−2++ (x, x˜) = (‖x− x˜‖2 − |η − η˜|2)D−2 , (13)
in which the two spacetime points are labelled with
x = {η,x} and x˜ = {η˜, x˜}. Eq. (12) is an straightfor-
ward result to be calculated, easier than the estimate
of the massless scalar propagator, because of the con-
formal nature of massless fermions in any dimension —
see e.g. [24]. Assuming fermion matter content to be
massless around the bounce is a viable approximations,
given that the critical energy density at bounce is much
above the condensate phase of the Higgs. We disregard
in this preliminary study to include Yukawa couplings of
fermionic species to the Higgs, leaving a refined analysis
to a forthcoming analysis [25].
The sign of the coupling constant ξ, expressed in
Eq. (8) in terms of the bare parameters of the ECHSK
theory, α and γ, individuates two phases at the cosmolog-
ical level. For ξ > 0, the theory is in a Fermi liquid phase,
with a tree-level repulsive interaction that has been stud-
ied as a source of dark energy [18], or to drive inflation
[26]. In stead, the super-conductive phase corresponds to
the branch of values ξ < 0, for which a bouncing scenario
has been taken into account [8–10, 12, 13, 27]. Therefore,
we will proceed taking into account negative values of ξ
in what follows. In Sec. IV, we will come back to the is-
sue of the quantum stability of the bounce, and analyze
the running of the ξ parameter around the bounce.
Lowest n-point contributions
We start considering the 2-point and the 3-point 1-loop
contributions to the effective action, derived from the
evaluation of the diagrams in Fig.1-a and Fig.1-b. For
the former one, derived from the Wick contraction of two
pairs of axial currents, one has to calculate the tensorial
contribution Πµν2 , which is defined
Πµν2 = −Trx′ [γµγ5SF (x, x˜)γνγ5SF (x˜, x)] , (14)
where we have the tensorial structure is the one speci-
fied in (11), the fermion propagator SF (x, x˜) is the one
defined in (12), Trx′ denotes the trace over the internal
spinorial indices, and integration over spacetime points
x′. The massless propagator in (12) can be expanded
according to SF (x, x˜) = γ
a Sa(x, x˜), which allows to fac-
torize the tensorial structure from the integral, i.e.
Πmr2 = −4(ηamηbr − ηrmηab + ηbmηar)×
(−ıξκ)2
∫ √−g d4xSa(x, x˜)Sb(x˜, x) . (15)
This amounts to calculate two types of contribution:
Π¯ab2 = −(ξκ)2
∫ √−g d4x Sa(x, x˜)Sb(x˜, x) , (16)
Π¯2 = −(ξκ)2
∫ √−g d4x Sa(x, x˜)Sa(x˜, x) . (17)
For the former, in generic D dimensions, we find
Π¯ab2 = −(ξκ)2 a−(D−1)
∫
dD x˜
[Γ(D/2− 1)]2
16piD
×(
ı∂a
1
∆xD−2++ (x, x˜)
) (
ı∂˜b
1
∆xD−2++ (x˜, x)
)
= −(ξκ)2 a−(D−1)
∫
dD x˜
[Γ(D/2− 1)]2
16piD
×
1
∆xD−2++ (x˜, x)
∂a∂˜b
1
∆xD−2++ (x, x˜)
.
For D = 4, the above formulas yield the expressions
Π¯ab2 = −(ξκ)2 a−3
∫
d4 x˜
1
16pi4
1
∆x2++(x˜, x)
×
∂a∂˜b
1
∆x2++(x, x˜)
=
(ξκ)2
2pi4a3
∫
d4 ζ
ζa ζb
ζ8
= − (ξκ µ
2)2
4pi4a3
∫
d4Ωna nb=− (ξκ µ
2)2
16pi2a3
ηab, (18)
4µ representing the sliding scale, and having used the fact
that
∫
d4Ωna nb = pi
2
2 η
ab. In the renormalization group
(RG) flow of the coupling constant ξ, we shall retain this
dependence, according to the hierarchy µ2 ≤ 1/(ξκ).
For the quantity in (17), the expression recasts as
Π¯2= −(ξκ)2 a−(D−1)
∫
dD x˜
[Γ(D/2− 1)]2
16piD
×(
ı∂a
1
∆xD−2++ (x, x˜)
) (
ı∂˜a
1
∆xD−2++ (x˜, x)
)
= −(ξκ)2 a−(D−1)
∫
dD x˜
[Γ(D/2− 1)]2
16piD
×
1
∆xD−2++ (x˜, x)
∂a∂˜
a 1
∆xD−2++ (x, x˜)
.
For D = 4, making use of
∂2
1
∆x2++
= 4ıpi2 δ4(x− x˜) , (19)
we finally obtain
Π¯2 =
ı(ξκ)2
4pi3 a3
∫
d4 x˜
1
∆x2++(x˜, x)
δ4(x− x˜) = 0 . (20)
It is trivial to realize that 3-point contribution van-
ishes, because of the properties of the gamma matrices,
i.e.
Πµνρ3 =
−Trx˜,x′ [γµγ5SF (x, x˜)γνγ5SF (x˜, x′)γνγ5SF (x′, x)] = 0 .
The four-point function is recovered from the expression
Πµ1µ2µ3µ44 = −Trx2,x3,x4 [γµ1γ5SF (x1, x2)×
γµ2γ5SF (x2, x3)γ
µ3γ5SF (x3, x4)γ
µ4γ5SF (x4, x1)] .
The one-loop corrections arising from the 2-point and 4-
point functions, as depicted in Fig. 1-a and Fig. Fig. 1-c
(and accounting for the symmetry degeneration factor
of the internal lines), leads to the form of the effective
potential
Veff = V0 + ξκ (ψγ5γaψ)
2
(
1 +
ξκµ2
pi2a3
)
+
(ξκ)4 ln(ξκµ)
8pi2 a3
[(ψγ5γaψ)
2]2+O
(
(ξκµ2)6
)
. (21)
The constant V0 represents a shift of the energy density,
required to avoid negative values, which would be
inconsistent with the Einstein equations. This is a
short way to ensure the theoretical consistency of this
approach. Differently, in a fully general approach that
takes into account also the inclusion of hypercharge
fields, positive energy densities would be provided by
the energy density of radiation. It is also worth to notice
that the vacuum polarization diagram in Fig.1-b cannot
contribute to the energy density, because of the tensorial
structure of the vertex in Eq. (11).
From the conservation of the chiral current, which is
implied by the assumption of having massless fermions,
it follows that in (21) each axial current redshifts as the
volume factor. Isotropy the background requires the spa-
tial component to be vanishing. This can be checked for
slowly varying backgrounds, by expressing the axial cur-
rent in terms of the scalar and pseudoscalar bilinears, and
the vector current, i.e. by using the Pauli-Fierz identity
(ψγ5γ
aψ)(ψγ5γaψ) =
= (ψψ)2 − (ψγ5ψ)2 + (ψγIψ)(ψγIψ) .
The vector current can be then checked to posses only
non-vanishing temporal components — see e.g. Ref. [28]
— by contracting the fermion Feynman propagator with
the Dirac matrices, and extracting the dimensional reg-
ularized part of the coincident limit. Therefore, we can
recast the quadratic terms entering the effective potential
by means of the expression
(ψγ5γaψ)
2 = (ψ†γ5ψ)2 =
Q25
a6
, with Q5 ∼ q5µ3 .(22)
These arguments immediately lead to the conclusion
that an Ekpyrotic quantum effect is generated at one-
loop, considering the 2-point contribution to the effective
action. The bounce is not spoiled by this effect. With a
natural choice of the conformal factor normalized at the
bounce, the 2-point contribution to the one-loop correc-
tion retains a numerical factor subdominant with respect
to tree-level contribution. At the same time, around the
bounce the extra term (to the energy potential) washes
out anisotropies, thanks to the dependence
ρ
(2)
Ek =
ρ0
a9
with ρ0 =
(Q5 ξκµ)
2
256pi4
. (23)
The 4-point amplitude then contributes to the effective
potential with a dumping factor that redshifts as a15, and
thus enhances the Ekpyrotic behavior. We can further
check that generic n-point contributions do not spoil this
effect.
2n-point contributions
Calculations can be carried out for the 2n-point contribu-
tions to the effective one-loop action (see Fig.1-d). One
should indeed consider all the possible amplitudes arising
from
Πµ1...µ2nn =
= −Trx1,...x2n−1 [γµ1γ5SF (x, x1) . . . γµ2nγ5SF (x2n−1, x)] .
(24)
5For large n, these terms behave as
Πµ1...µ2nn = (tensorial structure)×
(ξκ)2n
a3 2pi2 (2µ)2n(2n− 1)! ,
thus entailing the asymptotic contribution to the poten-
tial at 2n-order
V
(2n)
eff ∼
(2ξκ)2n
a3 2pi2(2µ)2n
[
(ψγ5γ
aψ)2
]n
.
Summing for the potential, we find
Veff ∼ V0+
ξκ(ψγ5γ
aψ)2+
∑
n
(−1)n (ξκ)
2n
a3 2pi2(2µ)2(n−2)
[
(ψγ5γ
aψ)2
]n
∼ V0+ξκ(ψγ5γaψ)2+ µ
4
a3 2pi2[1 + (ξκ)
2
2µ2 (ψγ5γ
aψ)2]2
. (25)
The potential can be finally recast in order to explicit the
scale factor dependence:
Veff ∼ V0 + ξκQ
2
5
a6
+
µ4
a3 2pi2[1 + (ξκ)
2
2µ2
Q25
a6 ]
2
∼ V0 + ξκµ
6
a6
+
µ4
a3 2pi2[1 + (ξκµ
2)2
2a6 q
2
5 ]
2
.
It follows that the bounce cannot be spoiled in this sce-
nario, but that actually extra contributions arise that
enhance the quantum Ekpyrotic mechanism.
IV. RG FLOW AND STABILITY
Consistency requirements with CMB observables impose
that the bounce must take place at critical energies not
below the GUT scale. This set-up the values of the crit-
ical energy density to be ρc ' (ξκ)−2 ' M4GUT. Cor-
respondently, we might wonder that the sliding scales
could approach the value µ 'MGUT at the bounce, and
eventually induce a change of sign of the the renormal-
ized value of ξ. Our estimate shows that this is not the
case, since the (predominant in the one-loop calculation)
2-point correction, namely
ξren. = ξ
(
1 +
ξκµ2
pi2
+O(ξκµ2)2
)
, (26)
maintains the sign at lowest approximation. The 2-point
contribution yields indeed only an order O(1/10) numer-
ical suppression factor at the bounce. This conclusion
can be strengthened looking at the calculation of the 2n-
point amplitude contribution. In general, the numerical
factor driving RG flow of ξ can be summing the cou-
pling constant dependence of the vertex-operators that
enter the 2n-point function, and the coefficients of the
fermion Feynman propagators. From the calculations we
have already shown while deriving the effective poten-
tial, it is then immediate to convince ourselves that the
higher order coefficients of ξren. will actually decrease,
as soon as more interaction vertices are accounted for in
the one-loop contribution to the effective action, and that
the sum can be summed, without encountering a Landau
pole at the bounce.
V. CONCLUSIONS
We have shown that a quantum Ekpyrotic scenario
emerges from the calculation of the one-loop quantum
effective action. The lowest-order vertex interaction is
already enough to produce this remarkable effect. This
result has been achieved assuming chiral symmetry un-
broken at the energy density scale at which the bounce
takes place, a scenario accomplished in several unification
theories, and naturally envisaged in the non-condensate
phase of the Higgs. An important step in order to test
this result would be to reproduce this analysis involving
anisotropic metrics. The technical limitation in dealing
with quantum field theory on Bianchi backgrounds for-
bids at the present to pursue this goal.
Appendix
The results we obtained on the stability of the bounce
and the occurrence of a quantum ekpyrotic scenario hinge
on some straightforward but lengthly calculations, the
details of which are reported in this section.
A. The 4-function at 1-loop
To recover the four-point function Πµ1µ2µ3µ44 we shall cal-
culate the trace over eight Dirac matrices. Projecting on
the Clifford algebra indices provides
Πm1m3m5m74 = −4 [ηm1m2ηm3m4ηm5m6ηm7m8
−ηm1m3ηm2m4ηm5m6ηm7m8 + ηm1m3ηm2m5ηm4m6ηm7m8
−ηm1m3ηm2m5ηm4m7ηm6m8 + ηm8m3ηm2m5ηm4m7ηm6m1
−ηm8m2ηm3m5ηm4m7ηm6m1 + ηm8m3ηm2m4ηm5m7ηm6m1
−ηm8m3ηm2m5ηm4m7ηm6m1 + ηm8m3ηm2m5ηm4m6ηm7m1
−ηm3m2ηm8m5ηm4m6ηm7m1 + ηm3m2ηm5m4ηm8m6ηm7m1
−ηm3m2ηm5m4ηm6m7ηm8m1 + ηm8m2ηm5m4ηm6m7ηm1m3
−ηm8m2ηm4m6ηm5m7ηm1m3 + ηm8m2ηm4m6ηm5m1ηm7m3 ]
×(−ıξκ)4 ∫ √−g d4x2 ∫ √−g d4x3 ∫ √−g d4x4
×Sm2(x1, x2)Sm4(x2, x3)Sm6(x3, x4)Sm8(x4, x1) .(27)
6The multiple integral term reshuffles as
Im2m4m6m8 :=
3∏
h=1
∫ √−g d4xh+1 4∏
s=1
Sm2s(xs, x|s+1|4)
= 132pi8 a3
3∏
h=1
∫
d4xh+1
4∏
s=1
∂
(s)
m2s
1
∆2++(xs,x|s+1|4 )
, (28)
where | . . . |p stands for modulo p and ∂(s) for the deriva-
tive with respect to the m2s component of the xs coor-
dinate. We further recast the integral through a series of
passages:
3∏
h=1
∫
d4xh+1
4∏
s=1
∂
(s)
m2s
1
∆2++(xs,x|s+1|4 )
=
∫
d4x2 ∂
(1)
m2
1
(x1−x2)2
× ∫ d4x3 ∂(2)m4 1(x2−x3)2 ∫ d4x4 ∂(3)m6 1(x3−x4)2 ∂(4)m8 1(x4−x1)2 =
−24 ∫ d4x2 (x1−x2)m2(x1−x2)4 ∫ d4x3 (x2−x3)m4(x2−x3)4 ∫ d4x4 (x4−x3)m6(x4−x3)4
× (x4−x1)m8(x4−x1)4 = 8pi2ηm6m8
∫
d4x3
∫
d4x2
(x2−x1)m2
(x2−x1)4
(x2−x3)m4
(x2−x3)4
× ∫ d|y||y−(x3−x1)|3 = 4pi4ηm2m4ηm6m8 ∫ d4z (∫ d|y||y−z|3)2 =
2pi6 ηm2m4ηm6m8
∫ d|z|
|z| = pi
6 ηm2m4ηm6m8 ln
(
1
ξκµ2
)
,
where in the last hand-side we have used as ultraviolet
regulator (ξκ)−
1
2 . Combining all the terms together, we
find the contribution to the effective potential at 4-point
order.
B. The 2n-function at 1-loop
The 2n-point function Πµ1µ˙2nn requires the knowledge of
the trace over 4n gamma matrices. In general, one can
show that
Tr[γm1 . . . γm4n ] = 4 [(−1)|P | ησ(m1)σ(m2) . . . ησ(m2n−1)σ(m2n)] ,
where σ denotes all the possible non-cyclic permutations
and P denotes their order.
The integral Im2···m4n can be easily calculated at lead-
ing order
Im2···m4n :=
2n∏
h=2
∫ √−g d4xh 2n∏
s=1
Sm2s(xs, x|s+1|4)
=
1
42npi4n a3
2n∏
h=2
∫
d4xh
2n∏
s=1
∂(s)m2s
1
∆2++(xs, x|s+1|4)
=
1
a3 (4pi2)2n µ2(n−2)(2n− 1)! . (29)
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